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The charging energy U of a small superconducting island containing Majorana zero modes—a
Majorana Cooper-pair box—induces interactions between the Majorana zero modes. Considering
a chain of many such boxes, a topological superconductor-insulator transition occurs when U is
much larger than the transfer matrix element t between the boxes. In this Letter, we focus on
the insulting phases occurring in this regime. We show that there are several competing insulating
phases, and that the transition between them is described by a supersymmetric field theory with
a central charge c = 7/10. We obtain this result by mapping the model to a spin-1 system and
through a field theoretical approach. The microscopic model we propose consists of a chain of
Majorana Cooper-pair boxes with local tunneling between Majorana zero modes and local charging
energy terms, which can be controlled by gate potentials, thus making its realization more feasible.
Introduction.—Majorana zero modes (MZMs) consist-
ing of an equal superposition of electrons and holes
have been tremendously important in condensed mat-
ter physics. They shed light on new aspects of physics,
such as topological phases of matter [1] and non-Abelian
statistics [2]. In recent years, considerable theoretical
and experimental efforts have been devoted to realiza-
tions of MZMs on the ends of topological nanowires [3–9].
Remarkably, signatures of MZMs have been reported in
experiments exhibiting charging effect [10] (for a recent
review see Ref. [11]).
The conventional Cooper-pair box, a small supercon-
ducting island with charging energy U , has been inten-
sively studied as a playground for studying the funda-
mental superconductor-insulator transition (for a review
see Ref. [12]). For example, Ref. [13] uncovered that if
the gate potential on each box is set to a specific value,
the system has twofold degeneracy, leading to a repulsive
Luttinger liquid phase in addition to the insulator and
superconducting phases. As we discuss here, a Majorana
Cooper pair box (MCB) [14–18], has additional degrees
of freedom, i.e., the MZMs, which may lead to an even
richer phase diagram.
In Ref. [19], a MCB hosting six MZMs (the so-called
hexon) was proposed as a basic element for constructing a
one-dimensional insulating phase that is equivalent to the
transverse field Ising spin chain, and the two-dimensional
insulating Kitaev’s spin liquid phase [20] utilizing the
Yao-Kivelson model [21]. Furthermore, by tuning various
parameters, it was possible to show that in the insulting
state a transverse field Ising phase transition, described
by a 1+1-dimensional conformal field theory [22] (CFT)
with central charge c = 1/2, is stabilized.
The purpose of this Letter is to go beyond the work
presented in Ref. [19], and demonstrate that a quantum
critical point, described by a supersymetric (SUSY) con-
formal field theory with central charge c = 7/10, may
occur in the insulating phase by properly tuning the sys-
tem parameters.
We use two distinct approaches to demonstrate the
emergence of the SUSY in the insulating phase, when
the charging energy on the box U is much larger than the
hopping between the boxes t′, cf. Fig. 1. In the first ap-
proach, we explicitly construct the Blume-Capel [23, 24]
(BC) spin-1 model from a chain of MCBs, which is known
numerically to exhibit emergent SUSY [25]. In the second
approach, we consider an effective field theory by focus-
ing on the low-energy continuum limit. The latter will be
shown analytically to be described by a super Landau-
Ginzburg (LG) action which exhibits the same univer-
sality as the superconformal field theory (SCFT) with
c = 7/10 [26]. The two approaches we present comple-
ment each other, with one relying on numerical results,
while the other consists entirely of analytical considera-
tions.
Previous works have already discussed the possibility
of emergent SUSY in interacting MZM systems [27–31].
However, the model discussed here is based on a con-
crete microscopic model, requiring only local couplings
of MZMs and charging energy, which can be controlled
by gates and therefore may be a more feasible proposal.
The Majorana Cooper-pair Box (MCB) chain.—We
consider placing three semiconducting nanowires, labeled
by the index p = x, y, z, on top of the superconduct-
ing island, see Fig. 1(a). Assuming these nanowires are
proximity coupled to the superconducting island, under
application of a magnetic field parallel to the wires, each
nanowire hosts two MZMs on its ends. These two MZMs
can accommodate a fermion. Introducing the six Ma-
jorana operators ap, bp, obeying the anti-commutation
relations {ap, aq} = {bp, bq} = 2δp,q [3–5], we denote the
annihilation operator of these fermions by 12 (ap + ibp).
For each pair of MZMs, the Z2 fermion parity takes the
values iapbp = ±1.
We describe a system consisting of a one-dimensional
array of MCBs with six MZMs each using the Hamilto-
2nian H = HU +H0, with HU being the charging energy
term and H0 representing the general hopping elements
between MZMs:
HU =
∑
j
U(2Nˆ jc + n
j
g + nˆ
j
M )
2, (1)
H0 = i
∑
j,j′,p
tjj
′
p a
j
pb
j′
p + i
∑
j,p,p′
hajpp′a
j
pa
j
p′ + h
bj
pp′b
j
pb
j
p′ .(2)
Here, the superscript j labels the jth MCB, U is the
charging energy of the box, njg is a continuous value con-
trolled by a gate potential, Nˆ jc is the number operator of
Cooper-pairs in the box, and nˆjM =
∑
p(1 − iajpbjp)/2 is
the number of fermions occupying the MZMs.
Construction of the Blume-Capel (BC) model.—Before
describing our first approach, let us briefly review the BC
model [23, 24].
(a) (b)
FIG. 1: (a) The hexon—a Majorana Cooper-pair box host-
ing six Majorana zero modes. The gray box represents a su-
perconducting island, with charging energy U , and the black
solid lines depict topological nanowires with MZMs, portrayed
by solid dots, on each end. In accordance with the index
p = x, y, z, the MZMs are painted in different colors. In the
strong charging energy regime, the ap (bp) triplet of MZMs
forms a spin-1/2 degrees of freedom denoted by sap (s
b
p). (b)
The configuration of the couplings of the Hamiltonian H0 [Eq.
(2)] which constructs the Blume-Capel model.
By a-classical-to-quantum mapping [32], the two-
dimensional classical BC model is mapped onto a one-
dimensional quantum model, given by the Hamiltonian
HBC =
∑
j
αSjx + δ(S
j
z)
2 − JSjzSj+1z , (3)
where Sjz,(x) are spin-1 operators along the z (x) axis
at site j. The phase diagram is special as it has a first
order transition line that meets a second order line at
a tricritical fixed point. At the tricritical fixed point, a
CFT with c = 7/10 emerges [25]. This CFT is further
known to possess N = 1 SUSY [33]. Indeed, numerical
studies confirmed the existence of a tricritical fixed point
for finite α and δ [34, 35].
We now present the first approach to obtain the emer-
gent SUSY, in which we construct the BC model given in
Eq. (3). We begin with the Hamiltonian H = HU +H0
defined in Eqs. (1) and (2), and set the (real) couplings
in H0 as t
jj
x = t
jj
y = λ, t
jj
z = λ − 2δ, hajyz = hbjyz = α,
tjj+1x = −tjj+1y = t′, with all other couplings set to zero
[See Fig. 1(b)]. Below, we will see how this Hamiltonian
reproduces the BC model when U ≫ tjj′p , ha/bjpp′ .
The six MZMs in each hexon define spin-1/2 operators
[19]
sa
j
x = ia
j
ya
j
z , s
aj
y = ia
j
xa
j
z , s
aj
z = ia
j
xa
j
y
sb
j
x = ib
j
yb
j
z, s
bj
y = ib
j
xb
j
z, s
bj
z = ib
j
xb
j
y. (4)
It is straightforward to check that Eq. (4) satisfies the
spin-1/2 algebra. That is, (sa
j
p )
2 = 1, [sa
j
p , s
aj
q ] =
iǫpqks
aj
k (and similarly for {sb
j
p }), with ǫpqk being the
anti-symmetric tensor. Because of the strong charging
energy U the number of pairs in each MCB is fixed, lead-
ing to a constraint on the total Z2 fermion parity of each
hexon. Such constraint reads as [36]
(iajxb
j
x)(ia
j
yb
j
y)(ia
j
zb
j
z) = 1. (5)
This constraint ensures that the total number of states
in each hexon is four, which is identical to the number of
states of two spin-1/2 degrees of freedom. A key step of
our construction is to project out the singlet state of the
total spin Sjp = s
aj
p + s
bj
p of each MCB. This allows us to
obtain spin-1 (spin-triplet) states. Such a projection can
be implemented by introducing couplings of the MZMs
as
Hλ = iλ
∑
j,p=x,y,z
ajpb
j
p (6)
and setting λ > 0. To see this, we note that the norm of
the total spin is written as Sj · Sj = 2 + 2saj · sbj ; thus
using Eq. (4) and the constraint in Eq. (5), we find
s
aj · sbj = −i
∑
p
ajpb
j
p.
Therefore, we have Hλ = −λ2
∑
j S
j · Sj + λ, with λ >
0. Increasing λ, the spin-1 (spin-triplet) states become
energetically favored. Thus, focusing on low energies, the
spin-singlet state is projected out. Below, we use Sj to
denote spin-1 operators.
Having a spin-1 degree of freedom on each box, we can
reproduce the BC model. The first term of the BC model
is obtained by
Hα = iα
∑
j
(ajya
j
z + b
j
yb
j
z) =
∑
j
αSjx. (7)
Indeed, iajya
j
z + ib
j
yb
j
z = s
aj
x + s
bj
x = S
j
x. The second term
of the BC model, δ(Sjz)
2 is realized by
Hδ = −2δ
∑
j
iajzb
j
z =
∑
j
δ(Sjz)
2 − 2δ, (8)
as 12 (S
j
z)
2− 1 = sajz sb
j
z = (ia
j
xa
j
y)(ib
j
xb
j
y) = −iajzbjz, where
the last equality follows from Eq. (5).
3To reproduce the last term of the BC model, SjzS
j+1
z ,
we consider small magnitude of couplings of MZMs be-
tween adjacent islands:
i
∑
j
t′(bjxa
j+1
x − bjyaj+1y ).
Because of the strong charging energy, these couplings
are regarded as a perturbation. Using a Schrieffer-Wolff
transformation [37], we obtain the following Hamiltonian,
which is further mapped to the last term of the BC model
after the projection to the spin-1 states:
HJ = J
∑
j
(ibjxa
j+1
x )(ib
j
ya
j+1
y )
= −J
∑
j
sb
j
z s
aj+1
z ≃
∑
j
−JSjzSj+1z , (9)
where J = t′2/2U . For a derivation of the last relation,
see the Supplemental Material [36].
The terms in Eqs. (7), (8), and (9) establish the
mapping between the chain of MCBs and the BC spin-1
model. It was found numerically [35] that for α/J ≃ 0.9
and δ/J ≃ 0.4, the phase of the MCBs reaches the tri-
critical fixed point. At this point, SUSY emerges and the
long distance behavior of the BC model is characterized
by SCFT with central charge c = 7/10 [33].
Field theoretical approach.—We move on to the second
field theoretical approach.
FIG. 2: The configuration of the MCB chain corresponding
to the Hamiltonian given in Eqs. (10) and (11).
Similarly to the first approach, we assume that the
charging energy is larger than a typical coupling between
the MZMs. We start with the model Hamiltonian in
Eqs. (1) and (2), which was mapped in the previous sec-
tion to the BC model. However, to facilitate the field
theoretical analysis, we choose the parameters in H0 to
be tjjp = t
jj+1
p = t, h
aj
yz = −hbjyz = h (see also Fig. 2). In
this configuration, H0 can be rewritten as H0 = Ht+Hh
with
Ht = it
∑
j,p=x,y,z
bjp(a
j+1
p − ajp), (10)
Hh = ih
∑
j
(ajya
j
z − bjybjz). (11)
The Hamiltonian in Eq. (10) describes three critical “Ma-
jorana chains” yielding three left and right moving Majo-
rana fields at low energies. To obtain a continuum low en-
ergy description, we use the standard approach [38] and
replace the MZM operators ajp and b
j
p with slow varying
Majorana fields ajp ≃ αp(r), bjp ≃ βp(r) (with r being the
coordinate along the array of MCBs). The Hamiltonian
density from Eq. (10) is then modified to
Ht ≃ i
∑
p
tβp(r)∂rαp(r).
Transforming the fields to a “chiral basis” via
αp(r) =
−ηpR + ηpL√
2
, βp(r) =
ηpR + ηpL√
2
,
where ηpR/L denotes the right-left moving Majorana
field, Ht and the Hamiltonian density from Eq. (11),
Hh becomes
Ht = i
2
∑
p
t(ηpR∂rηpR − ηpL∂rηpL),
Hh = −ih(ηyRηzL + ηyLηzR).
Defining the Majorana spinor ψp = (ηpR, ηpL)
T and the
Dirac gamma matrices γ0 = σy, γ1 = iσx (where σx,y
denotes the 2 × 2 Pauli matrices), we get the 1 + 1-
dimensional Lagrangian density[39]
L =
∑
p
t
2
ψ¯pi✁∂ψp + ih(ηyRηzL + ηyLηzR), (12)
with ψ¯p = ψ
T
p γ0, ✁∂ = ∂µγ
µ.
For U ≫ t we can perform the Villain approximation,
and treat t perturbatively, yielding the interacting term
− g cos
(π
4
∑
p
ψ¯pψp
)
(13)
in the Lagrangian, where g relates to U in Eq. (1) by
g ≃ Upi2 . The details of the derivation are described in
the Supplemental Material [36]. To analyze the effect
of the terms proportional to h and g, we implement the
bosonization procedure. To do so, we form a fermion out
of ηyR/L and ηzR/L, which is then bosonized:
ΨR/L = ηyR/L + iηzR/L ≃ e±i
√
4piφR/L ,
where ΨR/L and φR/L indicate right-left moving Dirac
and boson fields, respectively. An important conse-
quence of the bosonized formulation is that we obtain
one bosonic field and one Majorana (real fermion) field .
This hints at the possibility of SUSY, where the number
of bosonic degrees of freedom is equal to the fermionic
one. Denoting ψx → ψ, we find the Lagrangian density
L = 1
2
(∂µϕ)
2 +
1
2
ψ¯i✁∂ψ
− g(sin2
√
4πϕ− 2 cos
√
4πϕψ¯ψ)
+ h sin
√
4πϕ, (14)
4with ϕ = φR + φL. Here, we have rescaled the fields and
normalized t to be unity.
To complete our analysis, we assume further that h
and g are positive and h > g > 1. Focusing on low
energies, we can thus expand the boson field around the
minimum of the Hamiltonian (or the maximum of the
Lagrangian), ϕ ≃ pi2 1√4pi + ϕ˜, resulting in the expanded
Lagrangian density
L = 1
2
(∂µϕ˜)
2 +
1
2
ψ¯i✁∂ψ (15)
+ 2g(−
√
4πϕ˜)ψ¯ψ − g
(
1− 4π
2
ϕ˜2
)2
(16)
+ h
(
1− 4π
2
ϕ˜2
)
. (17)
Tuning g = π/2 and h = π, L is further simplified to
L ≃ 1
2
(∂µϕ˜)
2 +
1
2
ψ¯i✁∂ψ − 1
2
vϕ˜ψ¯ψ − 1
8
v2ϕ˜4, (18)
where v = 2π
√
4π. Remarkably, Eq. (18) is identical to
the N = 1 super LG action. The relation to the super
LG action can be obtained explicitly by considering the
SUSY model
SSUSY =
∫
dxdt dθ2
[1
4
(D¯Φ)(DΦ) +W (Φ)
]
, (19)
where Φ is the superfield defined by Φ = ϕ˜+ θ¯ψ+ 12 θ¯θF ,
D represents covariant derivative in superspace, and
W (Φ) describes superpotential which is a polynomial
function of Φ [40]. In our case, W (Φ) is given by
W (Φ) = v6Φ
3 [41]. Referecence [26] shows that at
long distances, the super LG action with a superpotential
W (Φ) ≃ Φm (m = 2, 3, · · · ) exhibits a supersymmetric
analog of the minimal models, characterized by central
charge c = 32 − 12m(m+2) . Since our case corresponds to
m = 3, the theory given in Eq. (18) effectively manifests
an emergent SUSY described by a SCFT with c = 7/10.
While we chose g = π/2 and h = π above, we can
instead follow Ref. [42] and realize an identical SCFT
for generic values of g by tuning h properly. Indeed,
redefining σ˜ =
√
Kϕ˜, u = 4g
√
4pi
K , K = 1 − 4gpi ρ, ρ =
2g/pi−1
8g2/pi2−1 , h = 2(1− ρ)g, the theory in Eq. (17) takes the
form
L ≃ 1
2
(∂µσ˜)
2 +
1
2
ψ¯i✁∂ψ − 1
2
uσ˜ψ¯ψ − 1
8
u2σ˜4, (20)
which is again equivalent to the super LG theory with
the superpotential W (Φ) = uΦ
3
6 [41]. Notice that the
expression for ρ requires g/t > π/(2
√
2) and that we can
tune h > g ≫ 1, which is consistent with our initial
assumption that U ≫ t.
Stability of the emergent SUSY to local perturba-
tions.—We can analyze the stability of the emergent
SUSY using knowledge of the operator content of the
FIG. 3: A schematic picture of the phase diagram of the
BC model. The red star depicts the tricritical fixed point
and the solid (dashed) line represents the first (second) order
transition line. Two red arrows indicate perturbations in the
tangential and orthogonal directions to the phase transition
lines, whose conformal dimensions are given by ( 3
5
, 3
5
) and
( 1
10
, 1
10
), respectively.
SCFT. We focus on the case of the BC model. Sup-
pose the BC model (constructed from the MCBs) is
tuned to the tricritical fixed point, i.e., (α, δ) = (αc, δc)
(αc ≃ 0.9, δc ≃ 0.4 with J being unity). We intro-
duce a small deviation of (α, δ) from the critical value,
(α, δ) → (α + κα, δ + κδ) at specific site of the MCBs,
j = j0. Here, κα/δ represents an infinitesimal deviation.
Consider shifting the parameters (α, δ) tangentially (or-
thogonally) to the phase transition line at the tricritical
fixed point; see Fig. 3. Such a deviation can be done
through a linear combination of Sj0x and (S
j0
z )
2, as these
two terms are realized by local couplings of MZMs in the
MCBs.
At low energies, this situation can be described by a
c = 7/10 CFT which is perturbed by its primary fields.
Moreover, the deviation of the parameters in the tangen-
tial (orthogonal) direction yields a perturbation given by
a product of holomorphic and antiholomorphic primary
fields of the form εRεL[ε
′
Rε
′
L], with conformal dimension
(35 ,
3
5 )[(
1
10 ,
1
10 )] [27, 43].
Our consideration here is reminiscent of the localiza-
tion problem of a single local impurity in a Luttinger liq-
uid [44]. Similarly to this problem, we can judge whether
the perturbation is relevant or not by following renormal-
ization group equation
dO
dl
= (1−∆O)O,
where O is either εRεL or ε′Rε′L, l represents the logarith-
mic rescaling factor, and ∆O is the scaling dimension of
O. Since the scaling dimension of εRεL(ε′Rε′L) is 65 (15 ),
the c = 7/10 fixed point, and thus the emergent SUSY,
is robust (sensitive) with respect to the tangential (or-
thogonal) perturbation.
In summary, we have studied the insulating phase of a
chain of Majorana Cooper-pair boxes each of which has
six Majorana zero modes, forming an “hexon”. We in-
clude only local charging energy and local tunneling ma-
trix elements in the model and identified a SUSY quan-
tum phase transition with central charge c = 7/10. This
5result was demonstrated by mapping the system onto a
spin-1 (the Blume-Capel) model and a field theoretical
model. To detect an imprint of the c = 7/10 criticality,
the thermal conductance would be a useful observable,
similar to recent experiments in non-Abelian Hall sys-
tems [45].
It would be interesting to extend our considerations
to the two-dimensional case through a wire construc-
tion. One can expect a two-dimensional topological
phase with a chiral edge mode carrying central charge
c = 7/10. Such a phase supports universal quantum
computation [2]. This analysis is left to future projects.
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